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SINGULARITIES 
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Abstract. We prove that any totally geodesic hypersurface A*'^ of a 6-dimensional nearly 
Kahler manifold is a Sasaki-Einstein manifold, and so it has a hypo structure in the 
sense of [12]. We show that any Sasaki-Einstein 5-manifold defines a nearly Kahler structure 
on the sin-cone A''^ x R, and a compact nearly Kahler structure with conical singularities 
on A'^^ X [0, tt] when is compact thus providing a link between Calabi-Yau structure on 
the cone x [0, tt] and the nearly Kahler structure on the sin-cone N'^ x [0,7r]. We define 
the notion of nearly hypo structure that leads to a general construction of nearly Kahler 
structure on x R. We determine double hypo structure as the intersection of hypo and 
nearly hypo structures and classify double hypo structures on 5-dimensional Lie algebras 
with non-zero first Betti number. An extension of the concept of nearly Kahler structure is 
introduced, which we refer to as nearly half flat 5'f/(3)-structure, that leads us to generalize 
the construction of nearly parallel G2-structures on x R given in [3]. For — C 
and for = x G x , we describe explicitly a Sasaki-Einstein hypo structure 
as well as the corresponding nearly Kahler structures on x R and x [0,7r], and the 
nearly parallel G2-structures on x and (N^ x [0,7r]) x [0,7r]. 
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1. Introduction 

Let A^^ be a 5-manifold with an S'C/(2)-structure, that is, the frame bundle of has 
a reduction to the group SU{2). Recently, Conti and Salamon [12j have proved that such 
a structure is determined by a quadruplet (r/, wi, ci;2, W3) of differential forms, that we shall 
abbreviate as {rj^oji), where is a 1-form and uji are 2- forms satisfying certain relations (see 
Section [2|). An S'C/(2)-structure {r],uji) is said to be hypo if the 2-form loi and the 3-forms 
T] Ai02 and rj Alo^ are closed. 

Hypo geometry is a generalization of Sasaki-Einstein geometry. In fact, any Sasaki-Einstein 
5-manifold has an S'C/(2)-structure (7/,cjj), where r] is the contact form, that satisfies the 
differential equations 

(1.1) drj = —2uj^, dui = 3r] A u!2, dw2 = —"irj AuJi, 

and so is a hypo structure, after interchanging the form loi with W3. This is due to the 
following. A Sasaki-Einstein 5-manifold A^^ may be defined as a Riemannian manifold such 
that iV^xR with the cone metric is Kahler and Ricci flat that is, it has holonomy contained 
in SU (3) or, equivalently, its 5?7(3)-structure is integrable. This means that there is an almost 
Hermitian structure, with Kahler form and a complex volume form ^ = + on 
A^^ X M satisfying dF = d^j^ = - = 0. But an integrable S'C/(3)-structure on the cone 
A^^ X M induces an S'f/(2)-structure on A^^ satisfying (jl.ip (see Section [2] for details). 

Our goal in this paper is twofold: on the one hand, to show that Sasaki-Einstein (hypo) 
5-manifolds are also closely related with nearly Kahler 6-manifolds (weak holonomy SU{?>) 
manifolds) giving a method to construct nearly Kahler manifolds from Sasaki-Einstein 5- 
manifolds; and on the other hand, to give a method of construction of nearly parallel G2- 
structures on x M starting from certain 5'C/(3)-structures on M^, which we call nearly 
half flat, leading to a generalization of the construction given in [3] . 

To this end, in Section [2] it is shown that any totally geodesic hypersurface A'^^ of a 
nearly Kahler 6-manifold has a natural Sasaki-Einstein S'C/(2)-structure (r/, wi, a;2, ^3) 
satisfying (jl.ip . Furthermore, the converse also holds. In fact, we prove that any Sasaki- 
Einstein S'f/(2)-structure on A^^ satisfying (jl.ip defines an SU (3)-structure on the sin-cone 
A^^ X R which is nearly Kahler (see Theorem 13.71 in Section ^ . Actually, our result is slightly 
more general and it applies to nearly hypo S'C/(2)-structures satisfying the evolution nearly 
hypo equations established in Proposition 13. 2i Nearly hypo structures are the natural SU{2)- 
structures induced on oriented hypersurfaces of nearly Kahler 6-manifolds. In particular, 
when A'^^ is a compact Sasaki-Einstein S'[7(2)-manifold, one gets a compact nearly Kahler 
structure with conical singularities on A^^ x [0,7r]. 

Returning to a Sasaki-Einstein structure, it can be defined as a structure whose cone 
is Kahler and Ricci flat. We show (see Corollary 13. Sp that in dimension 5 a Sasaki-Einstein 
structure could also be defined as a structure whose sin-cone is nearly Kahler (weak holonomy 
SU{3) manifold). In this way, Sasaki-Einstein 5-manifolds provide a link between Calabi-Yau 
cones and nearly Kahler (weak holonomy SU{3)) sin-cones. 
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More general, in Section IU we define a double hypo structure as an SC/(2)-structure which 
is hypo and nearly hypo; a diagram representing the relations among the classes of SU{2)- 
structures is inserted. In Section HI we show also that double hypo structures are precisely 
those S'C/(2)-structures whose sin-cone carry a half-flat S'C/(3)-structure. We describe all 
5-dimensional Lie algebras with non-zero first Betti number which have a double hypo struc- 
ture, and prove that solvable Lie groups cannot admit invariant double hypo structures. 
Double hypo structures give a relation between Calabi-Yau solution to Conti-Salamon evolu- 
tion equations (|2.6p and nearly Kahler solution to the nearly hypo evolution equations (|3.2p 
discovered in Proposition 13.21 below. 

In [3] it is proved that if is a nearly Kahler manifold, then the sin-cone X M has 
a natural nearly parallel G2-structure. We generalize this construction of nearly parallel G2- 
structures proving (see Proposition [52]) that any nearly half flat S'C/(3)-structure {F, 
on M^, which means that d^- = —2F A F, can be lifted to a nearly parallel G2-structure on 
X R if and only if it satisfies the evolution nearly half flat equation ()5.6p established in 
Section [5l In this section we insert two figures, one of them represents the relations among 
the classes of 5C/(3)-structures, and the other illustrates how it is possible to get special 
G2-nietrics by evolution from SU (3)-structures. 

In Section [6] we consider the oriented hypersurfaces A^^ = C and A^^ = x S"^ C 
X S^. Since C is totally geodesic in with the metric of the nearly Kahler 
structure on S^, it induces a Sasaki-Einstein hypo structure on satisfying (jl.ip . We 
describe explicitly such a structure on as well as the nearly Kahler structure on 6*^ x M 
and the nearly parallel G2-structure on S*^ x M^. 

For S'^ X C X we notice that 5^ x is not totally geodesic in x with 
the metric of the nearly Kahler structure, and we see that the S'C/(2)-structure induced on 
S"^ X is hypo but it does not satisfy the first equation of (jl.ip . We modify it a little to 
obtain a Sasaki-Einstein S'C/(2)-structure on S'^ x satisfying equations (jl.ip . and then we 
describe the nearly Kahler structure on S"^ x 5'^ x R and the nearly parallel G2-structure on 
52 X 53 X R2. 

Finally, we use the recently discovered in [16] infinite family of explicit compact Sasaki- 
Einstein 5-manifold y^'^ to construct infinite family of compact nearly Kahler manifold with 
conical singularities on Y^'*^ x [0,7r]. 

2. Hypo structures on 5-manifolds 

In this section we show that any totally geodesic hypersurface of a nearly Kahler manifold 
has a Sasaki-Einstein 5C/(2)-structure satisfying (11. 1[) . First we need to recall some properties 
of SU (2)-structures and, in particular, of hypo structures on 5-manifolds. 

Consider a 5-manifold with an 5C/(2)-structure (77, wi, u;2, ^3), that is to say, r/ is a 
1-form and uJi are 2-forms on M satisfying 

(2.1) UJi A LOj = 6ijV, V Arj ^ 0, 

for some 4- form v, and 



(2.2) 



XjuJi = Yjuj2 UJ3{X,Y) > 0, 
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where X_i denotes the contraction by X. Then, it induces an 5'C/(3)-structure (-F, ^'+,^'_) 
on TV^ X M defined by 

(2.3) F = uJi-\-7]Adt, ^' = + i^-. = (a;2 + iws) A (?7 + idt), 
where t is a coordinate on M. 

Vice versa, let / : A^^ — > be an oriented hypersurface of a 6-manifold with an 
SU (3)-structure {F, ^-), and denote by N the unit normal vector field. Then the SU (3)- 
structure induces an S'[/(2)-structure {r],iOi,uj2,uJ3) on defined by the equalities [12] 

(2.4) 7] = -NjF, LOi = f*F, UJ2 = Nj^-, CJ3 = -Nj^'+. 

An S'C/(2)-structure determined by {r],iOi) is called hypo if it satisfies the equations [12] 

(2.5) dwi = 0, d{r]AuJ2)=0, d(7? A W3) = 0. 

Suppose that has holonomy contained in SU (3), that is, the SU (3)-structure {F, ^'_) 
is integrable (i.e. Calabi-Yau) or, equivalently, 

dF = = d-^- = 0. 

It is not hard to see that any oriented hypersurface A^^ of is naturally endowed with a 
hypo structure [12J. Indeed, the conditions dF = d'^-^- = d^^ = imply that the induced 
S'C/(2)-structure on A^^ defined by (12. 4p satisfies ()2.5p . Regarding the converse, Conti and 
Salamon [I2j prove that a real analytic hypo structure on A^^ (that is, when A'"^ and the 
reduction of the frame bundle of A^^ both are analytic) can be lifted to an integrable S'f7(3)- 
structure on A^^ x R, that is, {rj,uji) belongs to a one-parameter family of hypo structures 
{r]{t),uji(t)) satisfying the evolution equations 

{dtLVi = -dr] 
dtiv/\UJ3)=duJ2 
Otiv A UJ2) = -duJ3. 

Next we study totally geodesic hypersurfaces of nearly Kahler 6-manifolds M^, that is, 
has an 5C/(3)-structure (F, ^'+,^_) which satisfies the following differential equations [21] 

(2.7) dF = 3^+, d^^ = -2FAF. 

Lemma 2.1. /// : A^^ — > is a totally geodesic hypersurface of a nearly Kdhler manifold 
M^, then the induced SU (2) -structure (12. 4j) on satisfies the differential equations (11. Ih . 

Proof. Let (M^, g', F, ^_) be a nearly Kahler 6-manifold. The Nijenhuis tensor A^ is a 
3-form N = — ^_ and it is parallel with respect to the Gray characteristic connection V [22j. 
This connection was defined by Gray [19^ \TE[ [20] and it turns out to be the unique linear 
connection preserving the nearly Kahler structure and having totally skew-symmetric torsion 
r = A^ = -"^^ [15j, i.e. 

(2.8) V = V9 + = V^' - V1'_=0, 
where is the Levi-Civita connection of the metric g. 
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We calculate using (fTi]) and (pTT]) that 

(2.9) dui = d{f*F) = 3/*^+ = 3?? A U2, 

(2.10) dr] = -d(NjF) = -{L^F) + NjdF = -(LnF) - 3u;3, 

where L denotes the Lie derivative. 

Further, —{LjqF) = —V^j>}F, since A^^ is totally geodesic. Apply (|2.8p to the latter equality, 
take into account VF = and (12.41) to derive 



1 ^ 

(2.11) - V9^F = -VnF - 2 ^^^^ ^ j(Nj^_) = -Nj^+ = U3, 

1=1 

where {ei, . . . , eg = N} is an SU{3) adapted basis. Substitute (|2.1ip into (|2.10p to get the 
first equality in (jl.ip . 

In view of (j2.9p . it remains to prove the third equality in (jl.ip . Similarly as above, applying 
(113]), (US]) and (HZ]), we calculate 

= d(Nj^_) = Ln^- - Njd^-- = V^N^'- + 2Nj(F A F) = 
1 

(2.12) = -4^^£ ^ ^i^^-) + ^ ^) = 

= -^Nj(F a F) + 2Nj(F a F) = ^Nj(F a F) = -3r/ A wi, 
where we have used the identity 

6 

^ejjrAejjT = 2F AF 

valid on any nearly Kahler 6-manifold [TS]. □ 

Theorem 2.2. Any totally geodesic hypersurface of a nearly Kdhler 6-manifold 
admits a Sasaki- Einstein hypo structure, and therefore the Conti-Salamon evolution equa- 
tions (j2.6p can be solved for x M. 



Proof. Clearly Lemma |2 . 1 1 implies that the induced S'C/(2)-structure satisfies (|2.5p . i.e, it is a 
hypo structure. Moreover, Lemma [2.1l shows that the induced almost contact metric structure 
(77,0^3) on is Sasaki-Einstein. Indeed, (jl.ip implies that the conical 5'[/(3)-structure on 
M = N^ xR defined by 

(2.13) F = t'^uJ3+tr]Adt, = t"^ {uJ2 + iuji) A {tr] + idt) 

satisfies dF = d"^ = 0, i.e. it is an integrable 5C/(3)-structure (see e.g. [5j) which clearly is a 
solution to the Conti-Salamon evolution equations (|2.6p . □ 



Remark 2.3. We notice that any Sasaki-Einstein 5-manifold has a hypo S'?7(2)-structure 
which satisfies (11. ip . In fact, we know that a Sasaki-Einstein 5-manifold is such that 
the cone A^^ x M is Kahler and Ricci flat, that is, its S'[/(3)-structure is integrable, and so 
induces an 5C/(2)-structure on A^^ satisfying (11.11) which is equivalent to equations (14) in 
[I2] . although the two forms ^2,^3 are not given explicitly there since the 5'C/(3)-structure 
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on the cone is not explicit; we just know that such a structure does exist and is given by 
(12331). 

3. Nearly hypo structures 

Let {r],uii) be an S'[/(2)-structure on and consider the 5C/(3)-structure (-F, on 
X M defined by ([23]). 

We look for sufficient conditions imposed on the S'f/(2)-structure {rj^uji) which imply that 
the induced S'f/(3)-structure on x M is nearly Kahler, i.e. it satisfies (|2.7p . 

Definition 3.1. We call an 5f/(2)-structure {r],uji) on a 5-manifold A^^ a nearly hypo struc- 
ture if it satisfies the following two equations: 

(3.1) duji = 3ri A u)2, d{7] A = —2loi A ui. 

Consider 5C/(2)-structures (r/(t), LL'j(t)) on A^^ depending on a real parameter t G M, and 
the corresponding S'C/(3)-structures {F{t),^+{t),^-{t)) on A^^ x M. We have 

Proposition 3.2. An SU (2) -structure {r],uji) on can be lifted to a nearly Kdhler structure 
(F(t),^'+(t),^'„(t)) on A^^ X M defined by ([231) if and only if it is a nearly hypo structure 
which generates an 1 -parameter family of SU (2) -structures {r](t),uji{t)) satisfying the follow- 
ing evolution nearly hypo equations 

{dtUJi = -dri - 3uj3, 
dt{7]AuJ3) = du;2 + 4?? Awi, 
Otiv A UJ2) = -dujs. 

Proof. Take the exterior derivatives in (j2.3p to get that the equations (|2.7p hold precisely 
when ()3.ip and the first two equalities in (j3.2p are fulfilled. 

It remains to show that the equations (13. 2p imply that ()3.1|] hold for each t. Indeed, using 
p.2p . we calculate 

dt{duJi - 3r] A LJ2) = -3{duj3 + dt{r] A UJ2)) = 0. 

Hence, the first equality in (j3.ip is independent on t and therefore is valid for all t since it 
holds in the beginning for t = 0. Further, using the already proved first equality in (j3.ip as 
well as the defining equalities ()2.ip . we obtain 

dt[d{r] A L03) + 2iOi A loi] = -Arj A dwi = 0. 

Hence, both equalities in (j3.ip survive in time. □ 

Remark 3.3. The assumption {rj{t) , ijji{t)) to be an SU (2)-structure for all t in Proposition [32] 
can not be avoided as it is shown in the example described in the last Section 16.41 

Proposition 3.4. Any SU {2) -structure satisfying the two first equations of (jl.ip is a nearly 
hypo structure. 

Proof. The two first equations of (jl.ip together with (12. ip yield 

doJi = 3r] AuJ2, d{rj A ^3) = — 2^3 A a;3 = —2uji A uJi. 

□ 
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More generally, we have 

Proposition 3.5. Let f : — > be an immersion of an oriented 5-manifold into a 
6-manifold with a nearly Kdhler structure. Then the SU {2) -structure induced on is a 
nearly hypo structure. 

Proof. It follows from ([23]) that [l2] 

r]^uJ2 = f*^+, 7] Auj3 = f*"^^. 
Since /* commutes with d, the above equality together with ()2.4p and (j2.7p imply (j3.ip . □ 

Now, a question remains. 

Question 1. Does the converse of Proposition 13.51 hold?, i.e. is it true that any (real 
analytic) nearly hypo structure on can be lifted to a nearly Kahler structure on x M? 

Remark 3.6. The affirmative answer to this question is equivalent to showing the existence of 
a solution of the evolution nearly hypo equations (j3.2p . From a private communication with 
D. Conti [13], we know that the answer of Question 1 is affirmative, at least locally, for real 
analytic nearly hypo structures. In fact, if is compact, there is a solution to the nearly 
hypo evolution equations on A^^, i.e. the real analytic nearly hypo structure on A^^ can be 
lifted to a nearly Kahler structure on x /, for a sufficiently small interval /; and if is 
non-compact, one always has a local solution to these equations, that is, there is an open set 
U C A^^ such that the real analytic nearly hypo structure on the 5-manifold A^^ can be lifted 
to a nearly Kahler structure on U x I, for a sufficiently small interval /. 

Now, we prove the main result in this section solving explicitly the equations (j3.2p for 
Sasaki-Einstein 5-manifolds. 

Theorem 3.7. Let {N^ ,rj,uji) be a Sasaki-Einstein SU {2) -structure satisfying (jl.ip . Then 
the SU{^)- structure F, on xR defined for < t < tt by 

F = sin^ t (sin tuJi -\- cos tuj^) -\- sin trj A dt, 

(3.3) = sin^ tr] AuJ2 — sin^ t (— cos t wi + sin t uj^) A dt, 

= sin^ t (— costuji + sintuj^) A r/ + sin^ t Lt;2 A dt, 

is a nearly Kdhler structure on x M generating the well known Einstein metric 

qq = dt"^ + siii^ t g5, 

where g^ is the Sasaki- Einstein metric on N^. 

If {N^, rj, uji) is compact then {N^ x [0, vr], F, ^'_) is a compact nearly Kdhler 6-manifold 
with two conical singularities at t = and t = tt. 

Proof. Consider the S'C/(2)-structure {r]{t),tJi(t)) depending on a real parameter t: 

r]{t) = s'mtr], 

uj\ (t) = sin^ t (sin t wi + cos tuj^) , 
uJ2{t) = sir? tuj2, 

uJ3{t) = sin^ t (— costwi + sintws) . 
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Applying (jl.ip and ()2.ip . we see that the structure defined by ()3.4p satisfies the nearly hypo 
structure conditions (j3.ip as well as the nearly hypo evolution equations (13. 2p . Consequently, 
()3.3p satisfies ()2.7p and therefore it is a nearly Kahler structure on A^^ x M. □ 

As a consequence of the proof of Theorem 13.71 we derive 

Corollary 3.8. An SU (2) -manifold (A^,r/, Wj) is Sasaki- Einstein if and only if the sin-cone 
{N^ X M, F, ^_|_, ^'_) with the SU (3) -structure defined by ()3.3p is a nearly Kahler manifold 
for any < t < vr. 

Proof. The equations (j3.3p imply 

dF = sin tdt A [3 sin t cos tuJi — 3 sin^ ^013 + 2u>s + dr/] + sin^ t(sin tduJi + cos tduj^). 

Consequently, dF = 3^*+ 4^ di^i = 3r] Auj2, dr] = —2uj3. Using this equivalence, we obtain 

d^- + 2F A F = sin^ t [sin tuj^ A {dr] + 2^3) - cos tuJi A dij] + sin^ t(3a;i A r/ + (ia;2) A dt. 

Hence, = —2F/\F ^ du)2 = — 3r/Au;i. Thus, (jl.ip are equivalent to (|2.7p and the proof 
is complete. □ 

Remark 3.9. Any Sasaki-Einstein 5-manifold generates, on one hand, a Calabi-Yau structure 
on the cone and, on the other hand, it generates a nearly Kahler (weak holonomy SU{3)) 
structure on the sin-cone, thus giving a link between these two structures in dimension six. 
Moreover, Lemma 12.11 shows that any totally geodesic hypersurface of a nearly Kahler 6- 
manifold carries a natural Sasaki-Einstein structure and therefore one gets a non-compact 
Calabi-Yau cone genetared by that structure. Vice versa, any totally umbilic hypersurface 
in a Calabi-Yau 6-manifold with shape operator A = id carries a natural Sasaki-Einstein 
structure which could be lifted to a nearly Kahler structure on the sin-cone according to 
Theorem 13.71 It seems that a (local) description of totally geodesic hypersurfaces of a nearly 
Kahler 6-manifold as well as the (local) description of totally umbilic hypersurfaces of a 
Calabi-Yau 6-manifold with shape operator equal to the identity will provide an explicit 
relation between Calabi-Yau 6-manifolds and nearly Kahler 6-manifolds. 

Remark 3.10. There exist nonhomogeneous examples of Sasaki-Einstein 5-manifolds; for in- 
stance, there are known 14 nonhomogeneous Sasaki-Einstein metrics on 5^ x 5"^ [SllZj. Using 
these structures we obtain examples of local nonhomogeneous nearly Kahler 6-manifolds con- 
structed according to Theorem 13.71 . 

4. Double hypo structures 

In this section we are interested in the class of SU (2)-structures on a 5-manifold which are 
in the intersection class of hypo and nearly hypo structures. 

Definition 4.1. An S'C/(2)-structure {rj,uJi) on a 5-manifold is said to be double hypo if it is 
hypo and nearly hypo simultaneously. 

The following picture illustrates the various classes of SU (2)-structures. 
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5-manifolds with S'C/(2)-structure 









hypo 


double hypo 


nearly hypo 


Sasaki-Einstein 











Figure 1: Classes of 5f/(2)-structures 



Double hypo structures can be lifted in the analytic case, on one hand, to an integrable 
SU (3)-structure due to the Conti-Salamon result [12| and, on the other hand, taking account 
of Remark 13.61 to a nearly Kahler structure, which provides a relationship between these 
distinguished classes of 6-dimensional manifolds: 




Figure 2: Special metrics obtained from evolution of SU(2)-structures 



In Figure 2, we write SU{'i) holonomy for S'[/(3)-structures such that the holonomy of its 
metric is contained in S'C/(3). Moreover, taking into account (3.3), we must notice that the 
sin-cone metric of a Sasaki-Einstein structure on a 5-manifold defines a nearly Kahler 
metric on A^^ x R and, by (2.13), the cone metric of a Sasaki-Einstein structure on A^^ defines 
a metric on A^^ x M whose holonomy is contained in S'f7(3). 
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In order to give a characterization of double hypo structures, we first recall that an SU (3)- 
structure {F, ^'-i-, ^'_) on a 6-manifold is called half-flat if it satisfies the conditions 

(4.1) dF AF = = 0. 

These structures become of recent interest mainly because Hitchin shows in [21j that an 
5'?7(3)-structure on can be lifted to a G2-holonomy structure on x M, exactly when 
the underlying 5C/(3)-structure is half flat. 

Theorem 4.2. Let {r],LUi) be an SU (2) -structure on a 5-manifold . The following condi- 
tions are equivalent: 

i) . {rj,uJi) is a double hypo structure; 

ii) . (rjjUJi) satisfies the equations 

(4.2) d{r] Aui) = 0, dioi = 3r] A L02, d{r] A u^) = -2iOi A ui, dio^ = 0. 

iii) . the sin-cone {N^ x (0, vr), ^I'-i-, ^'_) with the SU (3) -structure determined by ()3.3p is 

half-flat. 

Proof. The equivalence of i) and ii) is straightforward consequence from (j2.5p , (|3.ip and ()4.2p . 
We calculate from (13. 3p that 

d^j^ = sin^ tdt A [cos t{3r] AuJ2 — duJi) + sint ^1^3] + sin^ t d{r] A uJ2)- 
Consequently, d^-i- = =^ duJi = 3r] A UJ2, duj^ = 0. Using this equivalence, we obtain 

d{F AF) = 2sin^t[cost(2(:Ji AuJi + d{r]AuJ3)) -\-smtuJi Adr]] Adt. 
Hence, (14. 2p are equivalent to (I4.ip □ 



4.1. Double hypo structures on Lie groups. Next we determine the left-invariant double 
hypo structures on Lie groups G satisfying [g, g] / g, where g denotes the Lie algebra of G. 
In particular we show that solvable Lie groups cannot admit structures of this type. 

Proposition 4.3. Let G be a Lie group endowed with a left-invariant double hypo structure 
{rj,uji). If the Lie algebra Q of G satisfies [q, q] ^ Q, then there is a basis e^ for q* and 

a real number /x such that 

(4.3) 77 = e^ u;i = e'^ + e^\ = + e'' , = e'' + e^^ 
and 

( de^ =0, 

de^ =/xe34 -3e35, 

(4.4) { de^ =-^e^^ + 3e^^, 

de^ =fie^'^, 
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Proof. Let V be the subspace of g* orthogonal to rj, and let a G g* be nonzero and closed. 
Thus, a = P + pr], where P G V and p G M. Now, da = is equivalent to dp = —pdrj. 
Therefore, 7 = -pii /3 is a unit element mV = {rj)-^ satisfying 

d'y = X dr], 

with A = — /9/||/3||. By [121 Corollary 3] there is a basis e^, . . . , for g* satisfying ()4.3p with 
= 7. In terms of this basis the differentials of e^, . . . , are given by 

(4.5) de'= Yl 4^^''' l<i<5, 

i<i<fc<5 

where cj^ = Xc^j^ for all j,k. The 41 remaining coefficients X,Cjj^,... ,C-f^ must satisfy the 
Jacobi identity d{de'^) = 0, 1 < i < 5, and the double hypo conditions (j4.2p . 
First, a direct calculation shows that 

do., =dei2 + de'' = -(Acfg + ^ + ci,)e''^ - {\c\, + cl, - 4,)e''^ - (Acf^ + cl,)e''' 
~('^34 ~ '^13 ~ cf^)^'^'^'^ — (C35 — cf^)e^'^^ — (c^g + cl^)e^'^^ + (-^^34 + C23 + 034)6^^^ 
+(Aci5 + 4)e235 + (A4 - ci5)e245 _ (4 + 4)e345. 

Since 3ry A W2 = 3e-^35 _ Se^^s^ -^g have that dwi = 3r/ A if and only if the coefficients A, Cjf^ 
satisfy the following relations: 

(Aa\ '^25 — ~-^'^15^ = A cf 4 + C24 , cfg = — C45, C25 = 3 + AC45, cfg = — A — C23, 

''14 — '-34 ''13 ' ''15 — •J "T ''35 ' ''24 " ^ ''34 ''23 ' ''25 " ^ ''35 ' ''45 — ''35 • 

On the other hand, since 

d{ri A L^s) =dei45 + (ie235 = (cf^ + c^^Je^^^^ + (4 + + c?3 - 4)6^235 

'13 ~ '^35 ~ '^14 ~ ''34^ 



+ (A Cf2 -4, + X Cl + 4 + c33)el2« + (A cf .4 ,.1345 



+ (-^'^23 + '^45 '^24 £34)6^345 
,1234 



and uJi AuJi = 2e , we conclude that d{r] Auj^) = —2uJi A uJi if and only if 

/^3 — \ ^5 I y->5 \ ^5 ^3 -^3 — \ ^5 i /^5 ^2 ^4 — ^5 _|_ ^2 _|_ ^3 

^-23 ~ ^ ^-12 "T ''25 ^ ^-34 ''14' ''34 — ^''23"'" ''45 ''24' ''23 ~ ''15 ''12 ''13' 



(4.7) 4 5 5 2 5 5 

C34 = A C]^3 — C35 — C]^4, C23 = — 4 — c^. 

A direct calculation shows that 

duJ^ =del4 + de23 = -cf 56^23 + 4el24 + (A 4 - 4)6^25 + c55e^34 _ (^2^ ^ 4)gl35 

-(Acf5 - 4)e^^^ - 4e234 + (A4 - 4,)^^^ - {Xcl, + cl,)e^'^ - [Xcl, - 4)e3 
which implies that W3 is closed if and only if 

(4-8) = '^35 = '^45 = '^15 = '^25 = '^35 = '^45 = 0' '^35 = ~'^15- 

Moreover, the 3- form r] AuJi is closed if and only if the additional relation 

(4.9) 4 = -4, 

is satisfied. 
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Notice also that = cf{uji) = 3d{rj A u>2) = 3((ir7 A a;2 — A duj2) implies drj f\ (jJ2 = rj f\ duj2, 
which is equivalent to the conditions 

(4.10) C23 = — C^4, C24 = — 4A + cf3, C24 = — — + 0^3, 3 = A cf 2 + C^4 , C24 = ^fg. 

Now, it is easy to see that the coefficient of e^^^ in the 3-form d{de^) vanishes if and only if 

(4.11) CI2 = 0. 

^From (|4.6p -- (j4.1ip we get that the structure equations (j4.5p reduce to 
( de^ =\de>, 



(4.12) 



de" =cl^e^^ + cl^e^^ + c\^^^ + c\^^'> - c\^^^ - (4A - c\^)e^^ + ^e^^ + cl^^\ 

de^ =-(4A - A Cl - Cf3)el2 + ^S^^IS + ^S^^M _ ^3^^23 _ (^2^ + ^2^ _ ^3^)^24 

+3e25-(Acf4 + c23)e34, 
de^ =-(A 4 - cf4)ei2 + cf4ei3 + - cl,)^' + (3 + 4,)^^ + (c22 + c33)e23 

3 „24 I /\ „5 ^2 ^„34 „2 „35 



+cLe^4 + (Acf3-c^4)e^4-4e3 

de' =cf3el3 ^ ^5^gl4 _ (4 ^ g5jg23 ^ g5^g24^ 

where the 11 coefficients A, 0^2' ^^3, cf4, 0^5, C34, 0^5, 0^3, 0^4, cf3 and must satisfy the Jacobi 
identity d{de^) = 0, for 1 < z < 5. 

For the rest of the proof we follow a decision tree depending on the nullity of the coefficients 
to conclude that the Jacobi identity is satisfied if and only if cf^ = (c|4)^/3 and the remaining 
coefficients vanish. The proof of this fact is rather long but straighforward, so we omit 
details. □ 

It is easy to see that the Lie group determined by ()4.4p is isomorphic to SU(2) x for 
H = and SU(2) x AffCR) for fJ, ^ 0, where denotes a 2-dimensional abelian Lie group and 
Aff{M) is the group of affine transformations of M. As a consequence of Proposition 14.31 the 
Lie group SU (2) x has a unique (up to equivalence) left-invariant double hypo structure. 
Moreover: 

Corollary 4.4. Let {Xi, X2, X^} and {Yi,Y2} be the standard basis of left-invariant vector 
fields on SU{2) and , respectively, that is, 

[Xi,X2]=X3, [X2,X3]=Xi, [Xs,Xi]=X2, [Yi,Y2]=0, 

and let us denote by {a^,(3^} the dual basis of {Xi,Yj} . For each p G M, the SU {2) -structure 
on the Lie group SU (2) x A^ given by 

is nearly hypo, and it is double hypo if and only if p = 0. 

Proof. In terms of the new basis {e*} defined by 

Q^=3e^ a'^ = 2V3e^, = 2\/3e^ = e\ /^^ = p + 3 e"^, 



COMPACT NEARLY KAHLER 6-MANIFOLDS WITH CONICAL SINGULARITIES 



13 



the structure equations of the Lie group are 

pe 



de^ = 0, de^ = -3e^^ de^ = Se^^ de^ = pe^^ de^ = -4e^^, 



and the SU(2)-structure is given by ()4.3p . Therefore, when p = the structure is precisely 
the one given in Proposition 14.31 for p = 0. Finahy, it is easy to check that for each p ^ the 
structure is nearly hypo but the form io^ is not closed. □ 

^From our discussion above and Remark 13.61 it follows in particular that x is a real 
analytic manifold having an analytic double hypo structure, therefore: 

Corollary 4.5. The double hypo structure on S"^ x given by 

can be lifted both to a nearly Kdhler structure and to a Calabi- Yau structure. 

^From Proposition 14.31 we get that solvable Lie groups do not admit left-invariant double 
hypo structures. Since there exist nilpotent Lie groups having left-invariant hypo struc- 
tures [12], the class of manifolds with double hypo structures is a proper subclass of that 
consisting of hypo manifolds. Moreover, Corollary 14.41 shows the existence of nearly hypo 
structures which are not double hypo. 

Corollary 4.6. The Lie group SU{2) xAff(R) admits a 1-parametric family of left-invariant 
double hypo structures. More precisely, if {X\,X2.,X^} and {Zi,Z2} are the standard basis 
of left-invariant vector fields on SU{2) and Aff(M.), respectively, that is, 

[Xi,X2\ = Xs, [X2,Xs] = Xi, [X^,Xi] = X2, [Zi,Z2] = Z2, 

then (up to equivalence) any left-invariant double hypo structure {rj,uji) on SU{2) x Aff{K) 
belongs to the family 

Aj(m2+12)^ 

for some /U G M — {0}, where {a*, 7-'} denotes the dual basis of {Xi, Zj} . 

Proof. It follows directly from Proposition 14.31 taking 

a^ = -^e^-^3e^ a"^ = {p"^ + 12)^ e'^ , = {p"^ + 12)^ e^ , 7^ = -^e\ 7^ = 6"^. 

□ 



We finish this section by showing that the double hypo structures of Proposition 14.31 can 
be deformed into hypo structures. In fact, it is easy to see that for each r G R — {0} and 
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/X, r E R, the Lie group G determined by the equations 

de^ =0, 

de^ =^e^^ + re^^, 



(4.13) 



de^ -_-,.24__25 



-yLC — re 
de'^ =fj,e^^, 

rfe5=(T-^)e23-^(ei4-e23), 

is isomorphic to the product H x K, where H = for fi = and H = Aff(M.) for fi 0, 
and K = SU(2) if rr > 0, if = SL(2, R) if rr < and H = E(2) if r = 0, E(2) being the 
group of rigid motions of Euchdean 2-space. Moreover, a direct calculation shows that the 
SU(2)-structure given by (|4.3|) is always hypo, and it is double hypo if and only if r = —3 



and r = -4 - ^. 

5. Nearly half flat structures on 6-manifolds 

In this section we generalize the construction of nearly parallel G2-structures on x M 
induced from a nearly Kahler structure on described in [3]. For general results on G2- 
manifolds, see [H] . 

Let {F, be an S'C/(3)-structure on a 6-manifold Af^. We consider the G2-structure 

(j) on X M defined by the 3-form (p given by 

(5.1) (j) = F Adq-^_, 
where dq is the standard 1-form on M. We also have a 4-form 

(5.2) *7 0= ^FAF + ^'+ Adg, 

where *7 denotes the Hodge star operator on x R. 

Vice versa, let / : — > be a hypersurface of a G2-manifold (P^,(/)) and denote by 
N the unit normal. Then the G2-structure (j) induces an SU (3)-structure {F, 'f-i-, ^'_) on 
defined by the equalities 

(5.3) F = Nj</>, = -Nj*0, _ = -/*(/.. 

The types of the induced U (3)-structures are investigated in [TTl [T71 [8] while the types of the 
induced S'C/(3)-structures are studied recently in [10]. 

We recall that a G2-structure is called nearly parallel if 

(5.4) d(t> = 4*(f>. 

It is well known that nearly parallel G2-structures are Einstein with positive scalar curvature 
s = 54 • 7 • 16 = 6048. 

Hitchin shows in [21] that an S'[/(3)-structure on can be lifted to a parallel G2-structure 
(15. ip on X M, i.e. [H] , a G2-structure satisfying d(p = d*(j) = (or, equivalently, x M has 
a metric whose holonomy is contained in G2), exactly when the underlying S'C/(3)-structure 
is half flat (note that the half-flat condition compatible with (|5.ip reads dF AF = d^- = 0). 
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Thus, any double hypo structure on a 5-manifold could produce a G2-holonomy metric by 
solving Hitchin's flow equations (compatible with (|5.ip ) 

dg^. = -dF, = -^dgiF A F) 

since its sin-cone is half-flat due to Theorem 14.21 

Next, we search for sufficient conditions imposed on an SU (3)-structure {F, ^'_) which 
imply that the G2-structure on x M determined by ()5.ip is nearly parallel, i.e. it satisfies 

dsai). 

Definition 5.1. We call an S'f7(3)-structure {F, ^_|_, ^'_) on a 6-manifold nearly half flat 
if it satisfies the equation 

(5.5) d^'_ = -2FAF. 

In particular, any nearly Kahler 6-manifold carries a nearly half fiat structure. 

The following diagram represents the relations among SU (3)-structures on 6-manifolds: 



6-manifolds with 5'C/(3)-structure 




Figure 3: Classes of ^^/(Sj-structures 

Consider S'[/(3)-structures {F{q),'^^{q),"^^{q)) on depending on a real parameter 
q G M and the corresponding G2-structure (l){q) on x M. We have 

Proposition 5.2. An SU (3) -structure (F, ^+,^_) on can be lifted to a nearly parallel 
G2-structure (f){q) on x M defined by (15. ip if and only if it is a nearly half flat structure 
and the following evolution nearly half flat equations hold 



(5.6) 



4^'+ - dF, 
IdgiFAF). 



Proof. Take the exterior derivative in (j5.ip and use (j5.2p to get that the equation (j5.4p holds 
precisely when (|5.5p and (j5.6p are fulfllled. Moreover, (j5.6p imply that (j5.5p holds for any 
time q due to the equality ^^(d*- + 2F A F) = 4^^-+ + 2dg{F A F). □ 
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As a consequence of the above considerations, we can recover one of the main results in [3]. 

Theorem 5.3. [3J Let (M^, 'f-i-, be a nearly Kdhler structure. Then the G2-structure 
(j) on X M defined for < q < tt by 

(5.7) 4> = sin^ qF A dq — sin'^ q (— cos q ^+ + sing ^'_) 

is a nearly parallel G2-structure on x M generating the well known Einstein metric 

97 = dq^ +siv? qgQ, 
where g^ is the nearly Kdhler metric on . 

If (M^, F, ^'+, ^'-) is compact then (M^ x [0, tt], (/)) is a compact nearly parallel G2-manifold 
with two conical singularities at q = and q = tt. 

Proof. Consider the ^[/(Sj-structure ^-(g)) depending on a real parameter q: 

F{q) = sin^ q F 

(5.8) ^'+(g) = sin^ Q (sing^'+ + cosg^*.) , 

^-(q) = sin^ q (— cos q ^+ + sin g ^_ ) . 

Applying ()2.7p , we see that the structure defined by ()5.8p satisfies the nearly half flat condi- 
tions ()5.5p as well as the evolution nearly parallel equation (15.60 . Consequently, the structure 
(|5.7p satisfies ()5.4p and therefore it is a nearly parallel G2-structure on x R. □ 

As a consequence of the proof of Theorem 15.31 we obtain 

Corollary 5.4. An SU (3) -manifold {N^, F, ^_) is nearly Kdhler if and only if the sin- 
cone {N^ X M,0) with the G2-structure defined by (15. 7p is a nearly parallel G2-manifold for 
any < t < vr. 

Proof. The equations (j5.7p imply 

dcj) = sin'^ q cos q sin^ q d^--\-[sm'^ q dF— (3sin^ q cos^ g— sin^ g)^'4.+4sin^ q cos q ^^]Adq. 

Consequently, d(j) = A* cjx^ dtoi = 3r] Auj2, drj = —2uj^. Using this equivalence, we obtain 

c?(/> - 4 * = sin^ ^[cos q - sin q{d'^^ + 2F A F)] + sin^ q{dF - 3^'+) A dq. 

Hence, dcj) = 4 * dF = 3^'+, = -2F A F. Thus, (p:7|) are equivalent to ([O]) and 

the proof is complete. □ 

More generally we have 

Proposition 5.5. Let f : — > P^ be an immersion of an oriented 6-manifold into a 
7 -manifold with a nearly parallel G2-structure. Then the SU {3) -structure induced on is 
a nearly half flat SU (3) -structure. 

Proof. Since /* commutes with d, the equalities (|5.3p substituted into (15. 4p yield (|5.5p . □ 
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Question 2. Does the converse of Proposition 15.51 hold? i.e. is it true that any (real 
analytic) nearly half flat structure on can be lifted to a nearly parallel G2-structure on 
M'^ X M? This is equivalent to prove the existence of a solution of the evolution nearly half 
flat equation (j5.6p . □ 

Notice that nearly Kahler structures can be lifted, on one hand, to a metric with holonomy 
contained in G2 (that is, to a parallel G2-structure) due to Hitchin result [21] and, on the other 
hand, taking account Corollary 15.41 to a nearly parallel G2-structure, providing a relation 
between these special classes on 7-dimensional manifolds: 




Figure 4: Special metrics obtained from evolution of SU(3)-structures 

6. Examples 

For A^^ = C and for = S"^ x C x , we give an exphcit description of the 
Sasaki-Einstein hypo S'C/(2)-structure on A^^ which generates a new nearly Kahler structure 
with two conical singularities on S'^ x x [0, vr] as well as a nearly parallel G2-structure on 
A''^ X [0, tt] X [0, it] according to Theorem 13.71 and Theorem 15. 3i We also apply our results 
to the new compact Sasaki-Einstein manifolds Y^''^, which are diffeomorphic to S'^ x S"^ and 
were constructed recently in [16], to obtain a new nearly Kahler structure with two conical 
singularities on Y^''^ x R and a nearly parallel G2-structure on Y^''^ x M?. 

Finally, we give an example of an analytic double hypo structure and a solution to the 
Conti-Salamon hypo evolution equations p.6p as well as a solution to the nearly hypo evolu- 
tion equations ()3.2p which is an 5?7(2)-structure only in the beginning for t = 0. This shows a 
difference between Hitchin theorem [2l] which says that any solution to the Hitchin flow equa- 
tions starting with a half-flat S'C/(3)-structure is automatically a half-flat S'C/(3)-structure for 
ah t. 

6.1. The Nearly Kahler structure on x M. We begin with an explicit description of 

^Recently we learned that Stock proves in Theorem 2.5 of [24] that Question 2 has an affirmative answer 
for nearly half flat structures on closed 6-manifolds M®, i.e. they can be lifted to a nearly parallel G'2-structure 
on X /, for a sufficiently small interval I. 
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6.1.1. The standard SU {3) -structure on S*^. Using the stereographic projection of — {p} 
on from the point p = (0, • • • , 0, 1) G M7, one can check that a basis for the vector fields 
on — {p} consists of {Ef, 1 < i < 6} with 



(^1 


)x 


= (1 


-XT - 


xl,-xiX2,- 


X1X3,- 


X1X4, -X1X5, - 


xixe, 


xi{l 


-X7)) 




)x 


= (- 


XiX2, 1 


— Xj — X2, — 


X2X3,- 


X2X4, —X2X5, - 


X2X6, 


X2{1 


-X7)) 




)x 


= (- 


X1X3, - 


-X2X3, 1- X7 




X3X4, -X3X5, - 


X3X6, 


X3il 


-X7)) 


{E, 


)x 


= (- 


X1X4, - 


-X2X4, -X3X4 


,1-X7 


— X4, —X4X5, — 


X4X6, 


Xiil 


-X7)) 


{E, 


)x 


= (- 


X1X5, - 


-X2X5, -X3X5 


, -X4X5 


, 1 — X7 — x|, — 


X^X(^ , 


X5(l 


-X7)) 


{E, 


)x 


= (- 


xixe, - 


-X2X6, -X3XQ 


, -X4X6 


, -X5X6, 1 - X7 




X6{1 


-X7)) 



for any arbitrary point x G 5^ — {p}. (Notice that this basis is orthogonal and = 
(1 — xy)^.) The basis {aj; 1 < i < 6} for the 1-forms on — {p} dual to {Ei\ 1 < i < 6} is 
given by 



Oli 



1 , Xj , 

-dxi + — TTjdx'j. 



1 — X7 (1 — X7)^ 



Prom now on, we write Xij = XiXj, Xijk = XiXjXk, dxij = dxi A dxj, and so forth. We will 
need also the expressions of aij and aijk in terms of dxij and dxijk, respectively; 



(l-xr) 



2 dxij 



37 h 



for 1 < i < j < 6, and 



(^ijk 



1 



(I-X7) 



{i-x7r 



X. 



\dxj]^Y Xj dxik7 + XkdxijT^ , 



for 1 < f < J < /c < 6. Let U = ^iW' normal vector field to — {p}. We 

identify EJ with the imaginary part of the space of Cayley numbers, and define a vector cross 
product x X y, where x, y G M^, by the imaginary part of the Cayley number xy. Then, the 
standard almost complex structure on is defined by J{X) = U x X fov any vector field X 
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on S^. A simple calculation shows that 

{JEi)x = (-X16, Xi5 +X3{1- X-r), Xu -X2{1- X7), -Xi3 + X5(l - X7), 

- X12 -X4{1- X'j),x\ - X7(l - X^), Xq{1 - X7)), 

{JE2)x = {-X2& - X3{1 - X7),X2Z,X2A + Xi{l - X7),-X23 + X6{1 - X7), 
-xl + X7{1 - X7),Xi2 - 3^4(1 - X7),-Xz{l - .T7)), 

{JE^)^ = (-xae + X2{1 - X7),X3z - xi{l - X7), X34, -x| + ^7(1 - X7), 

- X23 - Xq{1 - X7), Xi3 + X^{1 - X7), -X4(l - X7)), 
{JEi)x = (-X46 - X5(l - X7),X45 - X6{1 - X7),xl - X7(l - a;7),-X34, 

- 0^24 + a;i(l - X7),Xu + ^2(1 - X7),X3(1 - 0:7)), 
{JE^)x = (-X56 + X4(l - X7),xl - X7{1 - X7),X45 + Xq{1 - 0:7), 

- 2:35 - Xi(l - X7), -X25,Xi5 - X3(l - X7),X2(1 - X7)), 

{JEe)^ = (-Xg + X7(l - X7), X56 + X,i{l - X7), X46 - X5(l - X7), -X36 - X2(l - X7), 

- X26 + X3(l - X7), X16, -Xi(l - X7)). 



Now we take the natural metric g on — {p}. Thus, {S^ — {p},g, J) is a nearly Kiihler 
manifold and hence has an ^[/(Sj-structure. The Kahler form, F{X, Y) = g{JX, Y), for any 
X,Y vector fields on — {p}, has the form 

^={jl j ^ (-/?)/(! -X7)+Pi+PA dx7/{l - X7), 

where (3 is the 1-form 

P = xec^xi — xidxQ + X2<ix5 — x^dx2 — x^dx^ + x^dx^, 
and Pi is the 2-form given by 

Pi = X7(— dxi6 + dX25 + dxu) + XidX23 + Xsdxu — X2dxi3 + XidX45 

+ X^dxii — X4dxi5 + X2CiX46 + XQdX2A — XidX2Q — X3dX56 — X^dx^^ + X50?X36. 

Now, using that Y^i=i Xidxi = 0, it follows that 

F = PAdx7 + pi. 

Then it is easy to obtain 



dF = 3(dx257 + <^a;347 — dxie7 + dxi23 + dxu5 + dx24& — dx3^Q). 
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Now, a long calculation shows that JdF is expressed, in terms of the aijk, as 

JdF = 3(1 - X'j)'^{xl + x1 + x'l + xl + x1 + x1 + Xj) (^(-X34 - X25 + a:;i6)ai23 

- +xl + xl- Xril - X7))ai24 + {^23 - X45 - X^il - X7))qi25 

- (2:13 + 2:46 - 3^5(1 - X7))ai2e - {X23 - X45 + 2:6(1 - X7))ai34 

+ {xj + x| + X5 - 3:7(1 - X7))ai35 + (2:12 + X56 + 2:4(1 - X7))ai36 

+ (2:34 + X25 + Xi6)ai45 - (Xi5 - X26 + ^3(1 - X7))ai46 

+ (Xi4 - X36 - X2(l - X7))ai56 + (xi3 + X46 + X5(l - X7))a234 

+ (Xi2 + X56 - X4(l - X7))a235 + {x^ + x| + Xg - X7(l - X7))a236 

- (Xl5 - X26 - X3(l - X7))a245 " (-2^34 + X25 + Xi6)a246 

- (-X24 - X35 - Xi(l - X7))a256 " (xu " X36 + X2(l - X7))a345 

- (X24 + X35 - Xi(l - X7))a346 + (X34 - X25 + Xi6)a356 

+ {xl + X5 + Xg - X7(l - X7))a456 ). 



The 3-forms and of the S'C/(3)-structure on — {p} are given by 

= ^dF = dx257 + dxzi7 - dxiQ7 + dxi23 + dxu^ + dx2m - dx35e, 
1 1 

= -JdF = — -( - X4dxi27 + X5dxi37 

3 (i — X7j 

+ X2(ixi47 - X3(ixi57 + X6dx237 " Xi(ix247 " X'idX2Q7 + Xldxs^r 

+ X2dx367 + X6dx457 — x^dx^Qj + x^dx^Qf) + terms not containing dx7. 

6.1.2. The SU {2) -structure on . Let us consider = {(xi, • • • , xe) S M*' | ^Li xf = 1} C 
S^, and N = the unit normal vector field to . Then, using (12. 4p . the S'?7(2)-structure 
{r],uji) on 5^ is given by 

d 

rj = — — — jF = xgdxi — xidxe + X2dx^ — x^dx2 + x^dx^ — X4(ix3, 
0x7 

UJi = f*{F) = X3dxi2 — X2(ixi3 + XidX23 + X^dxii — X4dxi5 + Xi(ix45 

+ XQdX24 - X4(iX26 + X2dXiQ + X5dX36 - X^dX'i'o - X^dx^Q, 

(6.1) d 

OJ2 = ^ -I*- = -Xidxi2 + X5(ixi3 + X2dxii - X3(ixi5 + X6(iX23 " XidX24 

0x7 



- X3(ix26 + XidX35 + X2dx36 + X6Cix45 - X5dX46 + X4dX56, 

d 

= - 7^ = dxiQ - dX34 - dX25- 

0X7 

Next we show that the S'C/(2)-structure on defined by ()6.ip satisfies Lemma l2. II First, 
we see that 

dr] = — 2((ixi6 — dx^i — dx2^) = — 2a;3. 
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The expression of lui gives 

duJi = 3((ixi23 + dx246 + dxu5 - dX35Q). 

Using that Y2t=i ^1 — 1> so ^1^=1 Xidxi = on S^, we verify 

Zri /\uj2 = dioi, —3rj AuJi = duj2 

Now, we apply Theorem 13.71 and Theorem 15.31 to get 

Theorem 6.1. Let {S^ ,r],uJi, g^) be the standard Sasaki- Einstein 5-sphere endowed with the 
SU (2) -structure determined by (|6.1|) . Then 

i) The SU {3) -structure on S^ x [0,7r] defined by (j3.3p is a nearly Kdhler structure gen- 
erating the round metric on the 6-sphere, g^ = dt^ + sin^ t g^ , with two conical singu- 
larities at t = 0,t = TT. 

ii) The G2-structure on {S^ x [0,7r]) x [0, vr] defined by (15. 7p is a nearly parallel G2- 
structure generating the roumd metric on the 7-sphere, gj = dg^+sin^ g((it^+sin^ t g^) 
with singularities at t = 0, t = vr, g = 0, g = vr. 

6.2. The Nearly Kahler structure on S'2 X 53 X R. As in the previous example, first we 
describe explicitly 



6.2.1. The standard SU (3) -structure on S"^ x 5''^. Let us consider the sphere 5^, viewed as 
the Lie group SU{2), with the basis of left-invariant 1-forms {01,02,03} satisfying 

dai = —a2 A 03, da2 = ai A 03, da^ = — qi A a2- 

Denote by {(3i, P2, Ps} another basis on a second sphere S^ satisfying the same relations. 
Then, a nearly Kahler structure on S^ x S^ is given by ([1], [9]) 

F = 2(^*1 A/Ii +;U2 A7Z2 +^3 A7I3), ^' = A/i2 A/i3), 

where /ij = \[aj + e~ Pj), for j = 1, 2, 3. 

In terms of the real forms {aj,(3j}, the forms F, and are expressed as 

a/3 

F = — (oi A ^1 + 02 A /32 + a3 A P3), 
io 

V3 

= -r-r(-ai2 A /33 + ai3 AP2- "23 A A + Oi A P23 - 02 A Pi3 + 03 A /3i2), 
54 

= 77(20123 - ai2 A /33 + Qi3 A /32 - a23 A /3i - Oi A /323 + "2 A /3i3 - 03 A /3i2 + 2/3i23)- 

54 

It is easy to check that the corresponding metric on S"^ x S^ is 

(6.2) g = hal + al + al + 01 + [3^ + - aiPi - 02^2 - a3^3)- 
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6.2.2. The SU {2) -structure on S"^ x . In order to show explicitly the induced SU{2)- 
structure on the hypersurface S"^ x 5'^, we first describe x as the submanifold of 



5-3 X = {(xi,... ,X4,X5,. . . ,X^) \ xl + ■ ■ ■ + xl = xl + ■ ■ ■ + xl = I}. 

With this description, we can identify 

ai = 2xidxi + 2x^dx2 — 2x2(1x3 — 2xidx4, /3i = 2xsdx5 + 2xidxQ — 2xQdx7 — 2x^dxs^ 

02 = — 2x3(ixi + 2xidx2 + 2xidx3 — 2x2(ix4, j32 = —2x-jdx^ + 2x^dx(i + 2x^dxj — 2xQdxs, 
as = 2x2^X1 — 2xidx2 + 2x4dx3 — 2x3^x4, = 2xedx5 — 2x5(ix6 + 2x8^X7 — 2x7^x3. 

We shall denote by {Uj, V^}j=i the basis of vector fields on 5^ x dual to {uj, f3j}j^^. 

Let us consider the hypersurface S"^ x C x given by X4 = 0. Then, with respect 
to the metric ()6.2p . the vector field 

N = -\/3(2xiC/i + 2x2^72 + 2X3C/3 + xiVi + X2F2 + x^Vs) 

is a unit normal vector field along x S^. 

Next, we describe explicitly the induced 5C/(2)-structure (|2.4p . taking / as the inclusion 
map. 

A direct calculation, using that xiai + X2a2 + xsa^ = on x S^, shows that the form 
T] is expressed as 

1 2 

^^^^ r] = - NjF = -(xi/?i + 2;2/32 + xs/Js) = -((xis - X27 + 2;36)dx5 

+ (Xi7 + X28 - X35)dxQ + {-Xiq + X25 + ^38)^X7 + (-X15 - X26 - X37)dX8) ■ 

Since / is the inclusion, taking X4 = in the expressions of aj above, we get 
2\/3 / 

^1 = f*F = y{x26 + X37)dxi5 + (-X25 - X38)dxiQ + (x28 - X35)dxn 

+ i-X27 + X3e)dxi8 + (-X16 + X38)dX25 + (xw + X37)dX26 
+ (-X18 - X36)dX27 + {Xi7 - X3^)dX28 + (-^17 - X28)d2;35 

+ {xi8 - X27)dx3Q + (xi5 + X26)d2;37 + (-Xig + a;25)da;38 ). 



COMPACT NEARLY KAHLER 6-MANIFOLDS WITH CONICAL SINGULARITIES 23 

For computing 0^2 and CJ3, take into account the equality xsai Aa2 — X2ai Aa3+xia2Aa3 = 
4(x3(i2;i2 — X2dxi3 + xidx23), to get 

UJ2 = Nj^_ = y - x^dxi2 + X2dxi3 - xidx2z + xgdxi^ + XYdxiQ - x^dxn - x^dxig 

- x-jdx2b + xsdx26 + x^dx27 - xedx28 + ^6^X35 - X5dx3Q + x^dx^-j - xjdxss^ ; 
2 / 

a;3 = -Nj^'+ = g ~ X3dxi2 + X2dxi3 - xidx23 - x^dxi^ - x^dxiQ + x^dxu + x^dxi^ 



+ XjdX25 - XsdX26 - X^dX27 + XQdX28 - ^6^X35 + X^dx^Q - Xsdx37 + xjdx 

4 / 

+ - X3dX5Q - X2dX57 + Xidx^s + XidXQY + X2dxQS + 3^3^X78 



38 



Notice that S*^ x 5^ is not a totahy geodesic hypersurface of x S"^; for example, for 
T = X2U1 — X1U2 which is tangent to x S"^, we have 

g{VTn,V3) = -^{xl+xl), 
60 

which is non-zero on 5^ x S"^, and thus the second fundamental form does not vanish iden- 
tically. Therefore, we cannot apply Lemma l2.ll to establish that the 5[/(2)-structure 
induced on S'^ x from the nearly Kahler structure of x is hypo. To solve this problem, 
we proceed as follows. We have 

dv = \{dxi A /3i - XI A ^23 + dx2 A P2 + X2 A P13 + dx3 A /33 - X3 A Pu) 
2 / 

= - \^xsdxi5 + X7dxiQ - xgdxir - X5dxi8 - xidx2^ 

+ XsdX26 + X^dX27 - XQdx28 + XQdx35 - X^dX3Q + Xgdx^j - Xjdxss 
— 2x3(ix56 + 2X2^X57 — 2xi(ix58 — 2xidxQ7 — 2x2(iX68 — 2x3(ix78 

and so we can write 

1 2 

UJ3 = ~3^^ + g(-a;3da;i2 + X2dxi3 - XidX23), 

which implies that 

dr] 7^ -2a;3, 

since the form —Xsdxi2 + X2dxi3 — Xidx23 is the standard volume form on 5^, and 

duj^ = 0, 

because d{—X3dxi2 + X2C?xi3 — xidx23) = on 5^ x S^. Moreover, we get 

duji = 3r] A u)2, 
du2 = —3t] a iOi. 

The previous equalities show that (t], uji) is hypo on S'^xS'^, but it does not satisfy equations 
(jl.ip because dr] / — 2a;3. 
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On the other hand, a direct calculation shows that 

2 

Tj A [dri f = - — {x^dxi2 - X2dxi^ + Xidx2^) A /3i23 7^ 0, 
so 7/ is a contact form on S"^ x . 

Remark 6.2. Let us see that 3r/ = xi/3i + X2l32 + xs/Js G $7^(5'^ x S*^) is the natural contact 
form on S"^ x seen as the tangent sphere bundle over S"^ (see [4J). As is parallelizable, 
the tangent bundle to is isomorphic to x S"^. Let Vi, V2, V3 be an orthonormal basis of 
left-invariant vector fields, and let /3i,/32,/33 be the dual basis of left-invariant 1-forms. The 
isomorphism x 5^ = TS'^ is given by ((ai, 02, 03),^) ^ Yl'^i^iip)- The metric of is 
g = (51 + 02+ 01. Consider the unit sphere in the tangent bundle TiS^ = S'^ x S^. If xi, X2, X3 
are the natural coordinates in the M'^ factor of x S^, then TiS"^ is given by the equation 
xl + xl + xl = 1. 

The natural 1-form of T*S'^ (the Liouville form) is given as A G 0,^(T*S^), Aq(u) = 
a{d7r{v)), where vr : T*S^ — > S^. Using the metric, we identify g : TS"^ = T*S'^. Then 
9*MtiS3 is the natural contact form for Ti5^ (see [3]). 

It is easy to see that 3r] = 5'*A|t^53. Actually, -|- X2f32 + x^Ps = g*X G 0^(r5^). 
Equivalently, we need to see that yiPi + 2/2/^2 + UsPs = A G U^{T*S^), where yi, 1/2, ys are the 
coordinates of the factor of T*S^ ^M.^ x S^. But take a = aiPi{p) G T*S^. Then 

Kivi,V2) = a{v2) = '^aiPi{p){v2) = (^yift) {{ai,a2,a3),p){vi,V2), 
for {vi,V2) G r„(M3 X 5^) = TaiT*S'-^), identifying 0i in 5"^ with its pull-back to x S^. 

The following result shows how the hypo structure on S'^ x described above can be 
deformed into a double hypo structure, and even into a Sasaki-Einstein structure. 

Proposition 6.3. Let {r],uji) be the hypo structure on S'^ x given above. For each A < 
and fi > ^, the quadruplet 

(6.4) {fi = r], uji = \/3A(A — 3/x) cJi, 0J2 = \/ 3A(A — 2ip) 0^2, uj^ = Xdr] + p^volg-z) 
defines a hypo structure on 5^ x 5'^, which is double hypo if and only if \ < and ^ = 
3(4A+ij • Moreover, the SU (2) -structure |g.^[ ) is Sasaki- Einstein only for A = — ^ and /i = 0. 

Proof. Since {rj^oJi) is a SU(2)-structure and drj A drj = — |dr/ A uo/52, we have that 

a)j A a)j = A(A — 3iJ,)dr] A dry 

for i = 1, 2, 3. Moreover, A volg2 = and uJi A dr] = ior i = 1, 2, so the quadruplet (|6.4p 
satisfies ()2.ip . 

In order to see that ([63]) also satisfies condition ([22]), let X = + ajT^Oi^ = 

Ylii=i{9i^i + ^i^j) be vector fields such that Xjuji = Y juj2. This condition implies that 

X2gi - X3g2 =X3{xsfi - X1/3) - X2(xi/2 - X2/1), 
X3gi - Xigs =Xi{xif2 - X2/1) - X3(x2/3 - X3/2), 

xi92 - X2gi =X2{x2fz - X3/2) - a;i(x3/i - xi/3). 
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and 

bi =X2a3 - X3a2 + X3{x3gi - xigs) - X2{xig2 - X2gi), 

62 =X3ai - xia3 + xi{xig2 - X2gi) - X3{x2g3 - X3g2), 

63 =xia2 - X2ai + X2{x2g3 - 3^352) - xi{x3gi - xigs). 

Then, on S"^ x we have that 



and 



dr]{X, Y) = [bj + bl + bl + {x2a3 - 3:302)^ + (2:301 - xia3)^ + {xia2 - X2ai)^) 
vols2 {X, Y) = ^ ((61 - X2a3 + 2:302)^ + (62 - X3ai + xias)^ + (63 - xia2 + X2ai)^) . 



4 

Therefore, {Xdri + ^volg2){X,Y) > when A < and ^ > A/3. 

The SU(2)-structure (|6.4p clearly satisfies that dtoi = 377Aa;2, duj2 = —3fjAuj3 and duJ3 = 0. 
Moreover, using again that drjAdi] = — ^driAvolg2, the structure is double hypo if and only if 
2A^ + A — 6A /U — |/i = 0. Therefore, A / — | and fi = ^(1 + jx+i) ™ order the latter relation 
be satisfied. Since /j. > A/3, we must have A < —1/4. Finally, the SC/(2)-structure (j6.4p 
satisfies equations (II. ID . i.e. it is a Sasaki-Einstein hypo structure, only for A = —1/2 and 
fi = 0. □ 

Now, we apply Proposition 16.31 and Theorems 13.71 and 15.31 to get 

Theorem 6.4. Let (S"^ x S''^, 77, uji,g) be the Sasaki- Einstein manifold endowed with the SU (2)- 
structure determined by ()6.4p for A = —1/2 and fi = 0. Then 

i) The SU (3) -structure on S"^ x x [0,7r] defined by (j3.3p is a nearly Kdhler structure 
generating the metric gg = dt^ + sin^ t g with two conical singularities at t = 0,t = tt. 

ii) The G2-structure on (S*^ x x S*^) x [0,7r] defined by (j5.7p is a nearly parallel G2- 
structure generating the metric gy = dq^ + sin^ q{dt'^ + sin^ t g) with singularities at 
t = 0,t = TT^q = 0,q = TT. 

6.3. The Nearly Kahler structure on Y^''^ x M. We start with the recently discovered 
in [16] infinite family of Sasaki-Einstein metric on S'^ x S^, labeled by two coprime integers 
p > l,q < p and refered as Y^'"^. Geometrically they are all C/(l)-bundles over an axially 
squashed S^ bundle over a round 5"^. We take the explicit local description of the Sasaki- 
Einstein SU (2)-structure presented in [23]. In terms of local coordinates y, /3, 6, (p, tp they can 
be described as follows: 

rj = - {dij) — cos Od(j) + y{d(3 + ccos Odcf))) , 



i^3 = - {{cy - 1) sinOdO Adc/)- dy A {d[5 + ccosOdcl))) 




I - f^o . ^ w{y)r{y) sine 
(6.5) 0.2 = ,/ ^^^^^^ [d6 A dy de A dp 



= ^—^y ( sin 9d(l) Ady+ '^^^^'"^^^ dO A (d/3 + c cos g#) 
V Qw{y)r{y) \ 6 
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where 



w{y) 




r{y) 



a - 3y2 + 2cy3 
a - y2 



l-cy 



and a, c are constants. If c = one can obtain the known homogeneous metric on S"^ x and 
for c = 1 = a one can recover the round metric on 5-sphere S^. However, for c ^ 0,0 < a < 1 
one can get irregular Sasaki-Einstein structures, i.e. the orbits of the Kihing vector field dual 
to 7] are non-compact |16j . 

It is easy to check that the 5C/(2)-structure (|6.5p satisfies p.ip . Apply Theorem 13.71 and 
Theorem 15.31 to get 

Theorem 6.5. Let (Y'^''^ ,rj,uJi, g) be the Sasaki- Einstein manifold endowed with the SU{2)- 
structure determined by (j6.5p . Then 

i) The SU (3) -structure on Y^-'^ x [0, vr] defined by (|3.3p is a nearly Kdhler structure 
generating the metric g^ = dt^ + s\t? t g with two conical singularities at t = 0,t = tt. 

ii) The G2-structure on (YP''> x [0,7r]) x [0, vr] defined by (j5.7p is a nearly parallel G2- 
structure generating the metric g-j = dq^ -\- svo? q{dt^ A- s\v? t g) with singularities at 
t = 0,t = TT,q = 0,q = TT. 

6.4. Evolution which is not an S'[/(2)-structure. For half flat 5C/(3)-structures Hitchin 
shows [21J that if his evolution equations are satisfied, and for t = the structure is half- 
fiat, then the half flat SU{3) condition is preserved in time provided some non-degeneracy 
condition for the evolved SU (3)-structure holds. 

For a hypo and nearly hypo SC/(2)-structure we find an example which solves the Conti- 
Salamon and our nearly hypo evolution equations but there exists a solution to the evolution 
equations which is not an 5C/(2)-structure, i.e. the situation is a little bit different. 

We take the double hypo structure on the Lie group isomorphic to SU (2) x defined in 
Proposition [O] by (gSl) and (231) for fj. = 0. 

We find the following solution to the Conti-Salamon hypo evolution equations ()2.6p 

r]{t) = r], u!i{t) = uji — tdrj, a;3(t) = — sinhStLiJi -|- ^3, uJ2{t) = cosh^t UJ2 

which is not an SU(2)-structure since = f-^f = cosh^ 3t while uj\ = \. 

We obtain the following solution to the nearly-hypo evolution equations (|3.2p 





sin2\/3t e' 
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